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Abstract. This paper presents a system for more convenient algebraic
programming, where datatypes are defined as least fixed points of co-
variant signature functors, and recursive functions are defined as ho-
momorphisms from initial algebras. This approach requires rolling and
unrolling fixed points, and conversion of algebras to functions that re-
curse over data. To alleviate the burden of these extra operations, in this
paper we propose to insert them automatically, using coercive subtyping.
The type checker generates subtyping constraints, which are then solved
with the help of a custom logic programming engine called Chronolog.
The subtyping axioms are given to Chronolog as rules, which uses them
to solve the subtyping constraints. To avoid infinite applications of rules
for unrolling signature functors, Chronolog provides a mechanism for
suspending and resuming certain forms of constraints. The subtyping
axioms presented to Chronolog are an equivalent algorithmic version of
the usual declarative rules for algebraic programming.
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1 Introduction

The discipline of strong functional programming statically requires that func-
tions terminate on all inputs. One way to achieve this is through an algebraic
approach: datatypes are least fixed points uF' of signature functors F', and re-
cursive functions are least fixed points (a)), called catamorphisms, of algebras
a. The functor F' describes one layer of the data, and pF' then describes data
consisting of any finite number of layers. We may unroll uF to F' pF, and roll it
back again. Algebras interpret the operations declared for one layer of the data,
and catamorphisms apply algebras across all the layers. There is no other mech-
anism for recursion or looping in the language, leading to a strong guarantee: all
functions written in this style terminate.

One burden is the need to include calls to roll and unroll functors, and to
(), in code. This adds clutter, compared to regular functional programming. In
this paper, we address this problem by automatically inserting those coercions
wherever they are needed in code. The resulting code looks indistinguishable
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from regular pure-functional code, and yet falls within the algebraic style, thus
assuring termination. To insert these calls automatically, we turn to coercive
subtyping. The type checker generates subtyping constraints that need to hold,
in order for the term to be well-typed. The constraints are processed by a con-
straint solver, generating coercions that are then inserted at the places where
the subtyping constraints were generated.

To implement this, we make use of a custom logic-programming engine called
Chronolog. The subtyping axioms are given to Chronolog as rules. Chronolog
then uses standard SLD resolution (|2, 10]) to search for proofs of the constraints,
instantiating type variables during proof search via unification. The rules for
rolling and unrolling signatures would, if handled naively, lead to diverging proof
search. Instead, Chronolog provides a mechanism to indicate that certain prob-
lematic constraints should be suspended. These suspended constraints may be
resumed if they are instantiated during solving of other constraints. If not, an
outer loop of our algorithm handles them specially.

Standard subtyping rules generally are not suitable for logic programming,
due to the presence of a transitivity rule, which nondeterministically guesses B
with A <: Band B <: C, to solve A <: C. We identify (Section 5) an algorithmic
set of subtyping rules, without transitivity, and prove it equivalent, in Agda, to
the declarative rules. This both ensures we can use logic programming (with our
algorithmic rules) to solve these subtyping constraints, and also assures us that
the algorithmic rules are indeed correct. To summarize our contributions:

— We propose a new approach to total algebraic programming, where calls for
rolling and unrolling signature functors and turning algebras into catamor-
phisms are inferred by coercive subtyping.

— We realize this approach with constraint-generating typing, and a constraint
solver based on logic programming, modified to avoid infinite unrolling of
functors. We prove termination of our algorithm.

— We propose an algorithmic subtyping system, and prove it equivalent to the
declarative one.

The implementation and proofs, respectively, are available at:
https://github.com /rybla/algebraic-programming-with-coercive-subtyping
https://github.com/astump/chronolog-algebraic-paper

2 Syntax

Figure 1 presents the syntax for the language L), through which we study
coercion inference for algebraic programming. We use notation e @& where @ is
a syntactic operator, to indicate a @-separated list of expressions e. Datatypes
are based on signature functors F', which we take to be polynomial functors for
simplicity. Least fixed points of signature functors, referenced by datatype name
D, are denoted pD. We have usual function types A — B. Types D = B are
the types for algebras over D computing a value of type B, the carrier of the
algebra. Recursion type variables Ry are introduced in the bodies of algebras,
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where f is the name of the function introduced by the respective algebra. While
type variables (which are unrelated to recursion type variables) appear during
type checking, as detailed in Section 6, they are not allowed in the surface syntax
for types. In this way, all types that appear in programs are ground types.

Terms include the usual constructs of simply typed A-calculus. There are
also constructor applications k(a,), and simple pattern-matching with notation
~va.{k(T;) — b |}, where the value of a is matched against constructor patterns
k(T;). If such a pattern matches, then the term reduces to the body b for that
case. For totality, all constructors for a’s datatype must be covered. To apply a
coercion ¢ to term a, we write ¢ — a. Coercions, which include rolling, unrolling,
and catamorphizing, will be explained with their typing rules in Section 6.

Algebras are denoted w f(x).b, which we adopt in so-called Mendler style [16].
Let us briefly review these. Standard F-algebras are typed as

a:FX—=>X

where X is the carrier of the algebra; that is, the type of the values computed
by the algebra. The algebra a takes input of type F' X. This input looks like a
value of the datatype, but with subdata replaced by their recursively computed
values of type X. Given such an algebra, its catamorphism (a) is typed as

la) : uF - X
With Mendler-style algebras, we have a different typing for a:
a:(Rf > X)—>FRf =X

Here, a takes in two inputs. The first is a function f from R; (the recursion type
variable) to X. The second input is a value z of type F' R;. This is similar to the
input for an F-algebra, but with Ry in place of the carrier. The recursion type
variables are abstract: no other information about them is available to algebras.

Mendler algebras are closer to usual programming practice, because the al-
gebra may pattern-match on x to reveal subdata of type Ry, and then apply f
to those to recurse. This is syntactically similar to making a recursive call in a
standard functional programming language.

A datatype is defined by a tuple (D, F) where D is its name and F is its
signature functor. This approach was proposed and developed in early works
like [8,7]. For examples presented in this paper, we define the following set of
datatypes.

2 = {(Nat, \X .Zero 4+ Suc(X)),
(NatList, \X .Nil4+ Cons(uNat x X))}

3 DMotivating examples

Figure 2 shows code with explicit coercions, for two functions. The sub function
subtracts two natural numbers, and subs proceeds through a two lists of num-
bers, subtracting corresponding elements. So subtracting the list (using Haskell
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(Datatype names) D € {Nat, NatList, ...}

(Constructor names) k € {Zero, Suc, Nil, Cons, ...}

(Term variables) z € TermVars

(Recursion type variables) R ::= Ry

(Type variables) X,Y € TypeVars

(Contexts) Ii=-|I(x:A) | I (Rf:x*)

(Datatype signature functor) F = )\X.W

(Constructor parameter types) Px ==X |uD

(Types) AB:=X|R|uD|DA|A—-B|D=1B
(Terms) a,b, f =z [ k(@) [ Az : A).b[(f a) |wf(z).b]

vya{k(T)—0b|}|letz: A=ainb|c—a
(Coercions) ¢, c1,c2 = cata 1 ¢z | roll ¢ | unroll ¢ | cov[D] ¢ |
iduD] | arr c1 c2 | alg[D] ¢ | id[R]

Fig. 1: Syntax of L,

syntax) [1,2, 3] from [8,9, 10] produces [7,7,7], for example. Let us see how the
different kinds of coercions are used. The sub function takes in the minuend m
and returns an algebra, which can be used to recurse through the subtrahend
n. The code begins with w sub’(n), which introduces the name sub’ for re-
cursive calls, and the input value n. The code then matches on this n with ~,
returning m in the Zero case. In the Suc(n’) case, we recursively subtract n’
(from m). Since our algebras are Mendler-style, the type of sub’ isR_f - u Nat,
where R_f is the abstract type introduced by the algebra. The input n has type
Nat R_f, and so its subdatum n’ has type R_f. So the call sub’ n’ is well-
typed. To pattern-match on the output of this call requires unrolling p Nat
with unroll id, written unroll id - sub’ n’. The id is the identity coer-
cion, indicating that the subtyping is only happening at the top level of the
type. In the Zero case of this match on unrolled sub’ n’, the code returns
Zero. Constructors’ return types are applications of signature functors. Here,
Zero can be given type Nat (u Nat), which is then coerced to p Nat by roll,
written roll id - Zero.

The function subs does similar rolling and unrolling, but also invokes sub-
traction (sub). Since sub returns an algebra, the code uses cata to coerce that to
the function which accepts the subtrahend, written cata id id - sub h1l h2,
where the the coercion operator - binds more tightly than application (i.e. the
expression is parsed equivalently as (cata id id - sub) hil h2). Note that
subs returns a list as long as the shorter of its inputs, similar to zip in Haskell.

Thanks to the restrictions imposed by Mendler-style algebras, these functions
have the desirable property that they are guaranteed to terminate on all inputs.
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sub : p Nat + Nat = p Nat =
Am. wsub’(n) . yn.
{ Zero » m
| Suc(n’) - 7 unroll id - sub’ n’ .
{ Zero = roll id - Zero
| Suc(m’) - m> } }

subs : NatList = p NatList -+ p NatList =
w subs’(11) . A 12 . v 11 .
{ Nil - Nil
| Cons(hl, t1) =+ v unroll id - 12 .
{ Nil = roll id - Nil
| Cons(h2, t2) -
(roll id) -
(Cons(cata id id - sub hl h2, subs’ t1 t2)) } }

Fig. 2: Algebraic implementation of sub and subs, with explicit coercions.

Nonterminating recursive calls are disallowed just by typing. Nevertheless, we
expect the reader will agree that the code is rather burdened with coercions.
This raises the question we address in this paper: can we support algebraic
programming like this with lighter syntax? We return with our positive answer
for these examples in Figure 8 below.

4 Typing for L,

The type system of L) conservatively extends that of the simply-typed -
calculus with specialized constructs for constructing and deconstructing datatypes,
algebraic recursion, and explicit coercion. The typing rules for £, are presented
in Figure 3.

The va.{...} construct for pattern matching is typed by the GAMMA rule.
This rule resolves the signature functor associated with the datatype of the
scrutinee. Because the signature functor abstracts over a single type parameter,
GAMMA instantiates it with the type argument C| satisfying the premise I"
a:DC.

The wf(x).b construct for introducing an algebra is typed by the OMEGA
rule, which accounts for the introduction of a fresh abstract type Ry into the
local typing context of the body b. This type variable Ry is linked to the specific
syntactic binder, a dependency captured by its index f. Because £, purposely
omits general polymorphism and type inference, this mechanism serves as a
highly restricted form of scoped type abstraction tailored explicitly for modeling
Mendler-style algebras. The generative nature of the recursion type variable Ry
isolates it from all other types in the context. Analogous to the role of relational
parametricity in standard Mendler encodings, this opacity strongly guarantees
that the invocation f can only ever be applied to sub-data of x.
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VAR ConN o
(x:A)erl (DAX. -+ k(A xX)+--) €D I'ta;: Ai[X — C]
I'Fx:A I'tk(a;,):DC
Lam App
I'(z:A)Fb:B I'-f:A—-B I'Fa:A
TFAz:A)b:A-B I'Ffa:B
OMEGA

I',(Ry:%),(f: Rf > A),(x: D Rf)Fb: B
I'-wf(z).b: D= B

GAMMA
<D,)\X.k‘i(Aij X) +>€@ I'ta:DC F,xijZAij[X}—)C],l—biiB
I't-~adki(Ti;;) — b |}: B

LET COERCE
I''(x:A)Fb:B I'Fa:A I'c:A<:B I'kFa:A
I'tletx:A=ainb: B I'tec—a:B

Fig. 3: Typing rules for £,

The explicit coercion construct, c—a, is typed by the COERCE rule. This rule
relies upon a coercion typing judgment of the form I' - ¢ : A <:: B. To explain
this, we must first consider the underlying subtyping relation.

5 Subtyping

We begin with the natural declarative subtyping rules. These are not algorithmic
when read from conclusions to premises: they cannot be used directly as a logic
programd. This is due to the TRANS rule, which introduces a new metavariable
in its premises that does not appear in in its conclusion, and so can be applied
ad infinitum. So we next propose an algorithmic version, where all metavariables
in the premises of the rule are already present in the conclusion, and the sizes of
the constraints decrease. This ensures that SLD resolution will not diverge on
ground constraints. We prove that the two sets of rules are equivalent. Then we
can formulate the coercion typing rules.

5.1 Declarative subtyping

Figure 4 shows the rules for declarative subtyping A <: B. We have reflexivity
rule REFL for datatypes. ARR is the usual subtyping rule for function types,
which is contravariant in the domain and covariant in the codomain. Cov ex-
presses that the signature functor is indeed a (covariant) functor. ALG expresses
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R ARR Cov Arc
EFL A'<:A B<: B A< A A< A
uD <: pD A—-B<:A =B DA<:DA D=>A<:D= A
R U Ie TRANS
OLL NROLL ATA A<:A/ A/<A//
D uD <: uD uD <: D uD D=A<:uD— A A< A
Fig. 4: Declarative subtyping rules.
R ARR Cov ArLc
EFL A <:A B<:B A< A A< A
uD <::uD A—-B<:A - B DA<:DA D= A<:D= A
RoLL UNROLL CATA
A<:uD uD < A B<:uD A<:C
D A<:pD uD <:D A D=A<:B—-C

Fig.5: Algorithmic subtyping rules.

that algebra types D = A are covariant in their carriers A. ROLL and UNROLL
together express that pF is equivalent to F' yuF'. CATA expresses that an algebra
can be coerced to a function, namely the algebra’s catamorphism. Finally, there
is the TRANS rule, completing the definition of subtyping as a preorder.

5.2 Algorithmic subtyping

Figure 5 presents the rules for algorithmic subtyping A <:: B. We use similar
names as for the declarative rules, but critically, the algorithmically problematic
TRANS rule is not present. A consequence of this is that now several rules that did
not have premises in the declarative formulation, here do. For example, compare
the declarative (on the left) and algorithmic CATA rules:

B<:uD A<:C
D=A<uD— A D=A<:B—=C

The algorithmic rule needs to take into account subtyping relationships between
the components in the conclusion, because there is no rule for transitivity, which
could allow those relationships to be taken into account after this rule is applied.
In effect, transitivity needs to be built into all the other rules. We see a similar
change from the declarative to the algorithmic versions of the ROLL and UNROLL
rules, for rolling and unrolling the signature functor.

Lemma 1 (Decrease). For all rules of Figure 5, the sizes of the constraints in
the premises are less than the size of the constraint in the conclusion.
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Theorem 1 (Decidability). It is decidable whether or not two types are in the
algorithmic subtyping relation.

Proof. Bottom-up application of the rules to ground types is guaranteed to ter-
minate, by Lemma 1. Therefore, proof search may be used as a decision procedure
for algorithmic subtyping of ground types.

5.3 Equivalence of declarative and algorithmic subtyping

While Theorem 1 ensures that we can test ground subtyping constraints using
proof search, we must confirm that the algorithmic rules are indeed a correct
version of the declarative ones. For this, we prove the following theorems. All
theorems in this subsection have been formalized and proven in Agda.

Theorem 2 (Soundness). A <:: B implies A <: B.
Theorem 3 (Completeness). A <: B implies A <:: B.

The sets of rules are quite similar, so these proofs are not onerous. They do
depend on the following lemmas:

Lemma 2 (roll/unroll declarative/algorithmic).

1. If A<: uD, then D A <: uD.
2. If uD <: A, then uD <: D A.
3. D uD <::uD
4. uD <2 D puD

Lemma 3 (preorder algorithmic).

1. A< A
2. IfA<::B and B <:: C then A <:: C.

As an aside: with the declarative subtyping rules, there are multiple derivations
for any derivable subtyping statement. This is due to the presence of transitivity,
and a derivable reflexivity rule. But for algorithmic subtyping, the situation is
much more constrained:

Theorem 4 (Uniqueness). There is at most one derivation of A <:: B.

5.4 Typing coercions

Having established the formalization of subtyping in £, _, we present the coer-
cion typing system for £, in Figure 6. These rules exhibit an exact structural
correspondence with the algorithmic subtyping relation defined in Figure 5. This
isomorphism enables a systematic, constructive translation from any valid sub-
typing derivation A <:: B to a coercion typing derivation ¢ : A <:: B. Conse-
quently, this correspondence forms the foundation of our elaboration semantics,
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REFLDATACOE RECVARCOE
I'-i4d[pD] : pD <:: pD I''-4d[Rf] : Ry <:: Ry
ARRCOE CovCoE
I'kFe: A< A I'tey:B<:: B I'kFe: A< A
I'arrcicoc:A—-B<: A = B I'-covD]c:D A<::D A
ALcCoOE RoLLCoE
I'Fe: A< A I'kFc:A<:uD
I'FalglDjc: D= A<:D= A I'krolle: D A<::uD
UNROLLCOE CataCoE
I'Fc:uD <t A I'tep:B<::D I'Fe:A<: C
I'Funrollc: D A <:: uD I'keceatacico:D=A<:B—=C

Fig. 6: Coercion typing rules.

allowing us to infer and insert the explicit coercions necessary to translate a
well-typed L£()_ term into a valid L) term.

Most of the coercion typing rules have uniquely associated coercions. For ex-
ample, ARRCOE is associated with the coercion arr and CovCOE is associated
with the coercion cov. However, the base case coercion typing rules REFLDAT-
ACOE and RECVARCOE are each associated merely with the identity coercion
id (at their respective types). These account for why the examples in Figure 2
require uses of id at the leaves of each coercion. While £, does not support uni-
versal quantification in types, these coercions are polymorphic primitives, where
the type arguments are always inferred during type checking.

6 Type checking for £)_

Let £)— be the language that coincides with £, except in eliding the explicit
coercion construct, ¢ — a, and introducing the following typing rule for implicit
subtyping.

SUBTYPE
'A< A I'Fa:A
I'Fa:A

The comprehensive typing rules for £()_ are compiled for reference in Ap-
pendix A. We develop £,)_ to be a version of L) where the burden of explicit
coercions is alleviated by implicit inference of coercions.

In this section, we formalize a constraint-based type-checking algorithm for
L)—. Although type variables are introduced during constraint generation,
their purpose is strictly confined to facilitating constraint resolution rather than
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enabling general type inference. Because both A-abstractions and let-bindings
mandate explicit type annotations, all surface-level types are guaranteed to be
ground. The development of a full type inference mechanism is left to future
work.

The constraint generation algorithm, denoted Generate(I, a, A), generates a
set of subtyping constraints necessary to check a term a against an expected
type A under a typing context I'. This algorithm follows a straightforward al-
gorithmic application of the rules in Figure 7 by recursion on the structure of
a. Each generated constraint corresponds to an implied application of the SUB-
TYPE rule required to construct a valid typing derivation; furthermore, each
constraint is implicitly localized to the specific subterm at which subsumption is
mandated. We omit a rigorous formalization of the coercion elaboration phase
(the algorithmic insertion of coercions is fully realized in our implementation of
type checking), however in order to reinforce that generated constraints corre-
spond to specific sub-terms, we highlight the sub-term and the linked generated
constraint with the same color in the rules of Figure 7.

Constraint generation for a term a in context I" is performed by applying
the constraint generation rules in Figure 7 recursively on the structure of a,
which upon success produces a derivation of I' - a : A | C. This is a usual typing
judgment augmented with a constraint problem C, where C is a set of constraints
of the form A <:: B.

The constraint generation phase also performs type inference, however in
contrast to usual type inference and checking procedures, this procedure cannot
decide a term to be mal-typed. The constraint generation procedure will generate
a constraint problem for any well-formed and well-scoped I',a, A. A derivation
of ' a: A|C justifies that a has type A only if the constraint problem C is
solvable.

For example, constraint generation for sub : Nat = Nat = Nat (as defined
without explicit coercions in figure 8) results in a superset of the following con-
straints, where all type variables are fresh. Each constraint is annotated with
the particular sub-term of sub that it is linked to during constraint generation.

{Nat X <:: pNat,uNat <:: NatY}
Zero sub’ n’
As another example, constraint generation for subs : NatList = p NatList
-+ NatList (as defined without explicit coercions in figure 8) results in a superset
of the following constraints, where all type variables are fresh. Each constraint
is annotated with the particular sub-term of subs that it is linked to during
constraint generation.

{NatList X < uNatList, Nat= pNat <b:;L1 uNat — pNat}
K2 Su

Lemma 4 (Termination of Generate). Generate(I,a, A) terminates.

Proof. Generate applies the rules of Figure 7 structurally recursively on the struc-
ture of a.
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VAR
(z:A)el’
I'-z:A|@

ConN
X fresh (DAY + k(A X)+..0€2 I't a; A | Cay

I'rk(@s): DY | [ J(Co UL Ai < A[Y > X] })

LAM Aprp
I(z:A)Fb:B| G Xfresh I'F f:B|C T'hFa:A|Ca
I'tXNz:A)b: A= B |G I'tfa:X|CUCU{B<:A—X}
GAMMA

X,Y fresh (D, AX ki(Asj X) +) €9
F"G,:C|Ca F,mijZAij[Xl—)C],l— b1B2|Cbl
I vyadks(@g,) = b [}:Y | {C<:D X uC U Bi <Y FUC,)

OMEGA
I''(Rf :%),(f:Rf > A),(z:D Rf)Fb:B | Cp

I''twf(z)b: D= B | C

LeT
I'ta:A|C. Iz:A)YFb:B |G

I'kletx: A =ainb:B | C,U{A<:A }UG

Fig. 7: Constraint generation rules.

Lemma 5 (Soundness of Generate). If o is a solution to the constraint prob-
lem C = Generate(I',a, A), then I' ¢ a: A

Proof. Suppose that o is a solution to the constraint problem C = Generate(I, a, A)
Then o specifies a derivation for each constraint A <:: B in C. Use these deriva-
tions along with the rule SUBTYPE to construct a derivation of I' bz a: A.
Then, replace each use of SUBTYPE in this typing derivation with the corre-
sponding derivation of COERCE, as described in 5.4.

6.1 Constraint solving with Chronolog

We take a logic-programming approach to solving problems C, where the coer-
cions that justify the generated subtyping relations are calculated along the way.
Our implementation uses a logic-programming engine, Chronolog, which adopts
an alternative technique for constraint suspension to rule-level techniques in
previous work [5,12,9]. Chronolog accepts a set of constraints, a logic variable
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Algorithm 1 Constraint solving with Chronolog.

1: function Solve(C)

2: o+ 0

while C # 0 do

match Chronolog(S,C) with
case (“failure”) = return L
case (“success’,o’) = return o’
case (“progress”, o’,C') =
o + Refine(C') oo’

9: C+a(C)

10: end match

11: end while

12: end function

substitution, and a suspension meta-predicate S. Whenever a constraint that
satisfies .S appears, that constraint is immediately suspended. Suspended con-
straints are still refined by logic variable substitutions. Chronolog can terminate
in three ways: (1) failure with unsolved constraints, (2) progress with suspended
constraints, (3) success with no suspended constraints.

A particular choice of S is critical in this context due to the presence of
the ROLL and UNROLL rules, which can be composed infinitely by straightfor-
ward SLD resolution, violating completeness of type checking. Chronolog pre-
vents such infinite regresses by supporting a global suspension meta-predicate,
S, where constraints that satisfy S are immediately suspended before being pro-
cessed further. If such a refinement results in a constraint no longer satisfying
S, then the constraint is resumed. We use a meta-predicate for S that holds of
the following forms of constraints.

X<upD, X<u:DA, X<t:R, puD<:X, DA<:X, R<:X, X<uY

Suspending constraint of these forms prevents Chronolog from applying rules in
a cycle, which follows from a case analysis of all the possible rule applications to
constraints not of suspended forms. In particular, the only forms of constraints
that have a type variable as one side of the relation that are not suspended are
those were the other side of the relation is either D = A or A — B. Consequently,
Chronolog may attempt to resolve constraints of the form X <:: A — B utilizing
either ARR or CATA, or attempt to resolve constraints of the form A = B <:: X
utilizing either ALG or CATA. This overlapping applicability inherently renders
Chronolog a nondeterministic algorithm. Search branches that reach states where
no rules may be applied are pruned with no backtracking. For type checking,
we only need to check whether Solve results solutions or not. We implement
Solve by repeatedly applying Chronolog and using Refine to refine any suspended
constraints left over each iteration, as show in Algorithm 1.

Refine is defined by the following cases. When multiple cases of Refine are
matched, any case can be chosen arbitrarily. Why this arbitrary choice preserves
completeness is explained in the proof of Lemma 8.
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{X—R}if(X<z:R)eCor (R<:X)eC

{X = uD}if (X <:puD)eCor (uD e X)eC
{X—uD}if (X <:DA)eCor(DAcX)eC
{X=Y}if(X<:Y)eC

Refine(C) :=

Lemma 6 (Decrease of Refine). The number of unique variables in Refine(C)(C)
1s less than the number of unique variables in C.

Lemma 7 (Termination of Solve). Solve(C) (Algorithm 1) terminates.

Proof. Proof of termination proceeds by lexicographic induction on (s,v), where
s is the size of C and v is the number of unique variables in C. Each iteration of the
while-loop in Solve begins with an invocation of Chronolog(S,C). If Chronolog
results in (“failure”) or (“success”), then we are done. Otherwise, Chronolog results
n {“progress”, o’,C’), in which case the new value assigned to C is (Refine(C’) o
a")(C"). Let (s',v") be the size and number of unique variables respectively in
(Refine(C’) 0 0’)(C"). There are two cases:

1. If Chronolog(S,C) used no rule applications, then it must have merely sus-
pended all goals, so C’ =C, o = id, and s’ = s. The constraints (Refine(C’) o
0")(C") = (Refine(C’))(C’) has fewer unique variables than C by Lemma 6, so
v' < v and thus (s',v") = (s,0") < (s,v).

2. If Chronolog(S,C) used some rule applications, then s’ < s by Lemma 1, and
s0 (5/,0/) < (5.0).

Lemma 8 (Completeness of Solve). If there exists a solution to a constraint
problem C, then Solve(C) # @.

Proof. Suppose there exists a solution to C. Chronolog nondeterministically at-
tempts every valid application of the algorithmic subtyping rules, which are
complete by Theorem 3. Refine’s handling of X <:: R and R <:: X constraints
does not violate completeness since R is unrelated to any other type. Refine’s
handling of X <:: uD and puD <:: X constraints does not violate completeness
since, any other appearances of X, once substituted for pD, may be rolled or
unrolled by subsequent invocations of Chronolog to satisfy the constraints at
those appearances. Refine’s handling of X <:: D A and D A <:: X constraints
does not violate completeness since, as there is an assumed solution to C, A
must be of the form D (...(D Y)) (where Y is a distinct type variable from
X) or D (...(uD)), and so any other appearances of X may be rolled or un-
rolled by subsequent invocations of Chronolog to satisfy any other relations to
the constraints at those appearances. The result follows since Solve terminates
by Lemma 7.

Theorem 5 (Soundness of TypeCheck). If TypeCheck(I',a,A) = T (Algo-
rithm 2) then I Frg,-a: A
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Algorithm 2 Type checking for L) _.

1: function TypeCheck(I, a, A)
2 C < Generate(I',a, A)

3: return Solve(C) # @

4: end function

Proof. Suppose TypeCheck(I",a, A) = T. Then there exists a solution to the set
of constraints Generate([, a, A), which are sufficient to demonstrate I" Feg, 0t A
(by Lemma 5).

Finally, formalize the relationship between £ and £()_ in Theorem 6 in
terms of erasure of explicit coercions L, to implicit coercions in L) _ that are
inferred during type checking.

Definition 1 (Erasure of terms from L) to £)_). Let a be a term of L.
Then |a| is the erasure of a into L)—, which is defined by replacing in a each
appearance of ¢ — a’ with a'.

Theorem 6 (Equivalence of L) and L)_).

1. F'_‘CM) a:A = Fl_[,wi \a|:A
2. I'tg,_a: A = dd'.Jd'| =a and T Fegy a A

7 Returning to the Examples

Recall the examples from Section 3 where sub and subs were implemented al-
gebraically. Explicit coercions using unroll, roll, and cata were required to
operate with the representation of datatypes as fixed points of signature functors
and the functional interpretation of algebras via a catamorphism. Now, with the
machinery of coercive subtyping in place, we can write those examples without
any coercions, as demonstrated in Figure 8.

The type checking procedure described in previous sections collects and solves
the implied subtyping constraints, which upon success determines a valid typing
derivation for the term in £) with the inferred coercions explicitly inserted.

8 Related Work

Turner introduced the term strong functional programming, presented several
arguments in favor of the approach, and proposed using structural termination
as an elementary way to realize such a language [15]. Mendler proposed a re-
cursor using an abstract type to ensure that recursive calls are permitted only
on subdata for an inductive type [11]. The algebraic approach has been applied
for modular implementation of interpreters [14]. Charity is a strong functional
programming language based on categorical abstractions for initial algebras and
final coalgebras [6]. Recursion is done via F-algebras, and there is no automatic
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sub : p Nat + Nat = p Nat =
A(@m: pNat) . wsub’(m) . yn .
{ Zero » m
| Suc(n’) =+ v sub’ n’ .
{ Zero = Zero
| Suc(m’) = m’ } }

subs : NatList = p NatList -+ p NatList =
w subs’(11) . A (12 : u NatList) . v 11 .
{ Nil = Nil
| Cons(hl, t1) =+ v 12 .
{ Nil - Nil
| Cons(h2, t2) =
Cons(sub hl h2, subs’ t1 t2) } }

Fig.8: Code for sub and subs with implicit coercions.

conversion from algebras to functions. This makes the code examples seem some-
what alien. Tofu uses the Calculus of Constructions as a language for defining
terminating functions, again based on categorical ideas [17]. Charity and Tofu
both support coinductive datatypes, which we did not study here.

Folding and unfolding signature functors is reminiscent of folding and un-
folding recursive types as presented, for example, by Pierce [13]. The situation
here is much simpler, though, because we consider the signature functors nomi-
nally. That is, recursive types uD and pD’ are never related in our theory, even
if names D and D’ are associated with the same underlying signature functor.
In contrast, equirecursive types are treated extensionally, and this requires a
greatest fixed-point algorithm to test equivalence. It is not our purpose to han-
dle this more general situation. Rather, the goal is to handle standard inductive
datatypes, which are usually treated nominally in functional programming. For
example, two copies of the list datatype are not considered interchangeable in
languages like Haskell or OCaml.

9 Conclusion and future work

Total algebraic programming can be made more feasible by inferring the ba-
sic coercions necessary for the method: rolling and unrolling signature functors,
and turning an algebra into its catamorphism. Type inference generates sub-
typing constraints, whose solutions correspond to the needed coercions. A logic-
programming engine processes constraints with respect to an algorithmic version
of the subtyping rules. This algorithmic subtyping relation is proved equivalent
to the declarative one, in Agda.

Furthermore, we mechanically verified (Lemma 4) that the algorithmic typ-
ing judgment admits unique derivations at ground types. While establishing the
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mere satisfiability of the generated constraint problems (which include type vari-
ables) is sufficient for the purposes of type checking, we defer to future work the
demonstration of a suitable equivalence relation that characterizes the solutions
produced by Solve.

Future work also includes richer forms of algebraic programming. One pow-
erful generalization of structural recursion is to recursive coalgebras [4]. This en-
compasses divide-and-conquer algorithms, which are beyond the scope of struc-
tural recursion. A different approach to divide-and-conquer recursion has also
been considered by [1|. There, algebras call functions to pass between various
abstract types. These would be excellent candidates for inference using coercive
subtyping, as we proposed in this paper. Interestingly, there are additional co-
ercions from the types D = X of algebras that would arise from applying our
approach to that work. This provides further motivation for maintaining alge-
bras as separate syntactic constructs, and inferring uses of cata. It would also
be interesting to infer coercions for coalgebraic programming with coinductive
types.

Another avenue of future work is to prove coherence for L. This property
states that if 'z, a1 : Aand I Fegy a2 A, and if |a1| = |az|, then a; and as
are semantically equivalent. That is, inserting coercions in different places in the
same term does not change it semantics. We conjecture this is true, but proving
this property can be technically involved (cf. [3]).

Acknowledgments. Thanks to the anonymous reviews for very helpful de-
tailed feedback, which has greatly improved the paper.

A Typing rules for Lg)_

VAR Con
(z:A) el (D,AX. -+ k(A X)) +--)€2 T'ba;: A[X = C]
I'Faz:A I'Fk@,):DC
Lam App
I'(z:A)Fb:B I'-f:A—B I'a: A
IFA\z:A)b:A=B I'+fa:B
OMEGA

I'(Ry:%),(f:Rf > A),(x:DRs)Fb:B
I'wf(z)b: D= B

GAMMA
<D,/\XkZ(AU X) +>€@ I'ta:DC F,JZ”A”[XI—)C],'_I%B
I'+-~afki(7i;,)— b |} : B

LET SUBTYPE
I(z:A)Fb:B TI'ta:A ''rA<:A Ttra:A

I'Fletx:A=ainb:B I'Fa:A
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